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FORSWOHD 

Tb« series of reports which is entitled "Technical Studies In Cargo 

Handling" Is primarily a working paper reporting on the progress of research 

or the completion of a portion of a larger investigation.  This study Is being 

published in a tentative for» in order to dissemina' e the infomatloo as 

quickly as possible among the several groups vho are currently working on 

related problems.  This oaper may be expanded, modified, withdrawn, or 

published as a report in the series entitled "An Engineering Analysis of 

Cargo Handling" or some other form at a later date.. 
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INTRODOCriOK 

ThiB ia the first of a series of reports devoted to the study of processes 

which in different versions have been variously called "aaserably line", "queuing," 

"waiting line," "bottleneck." or "scheduling processos". These may all be sub- 

suned under the inclusive study of the flow of nien and materials in space and 

tlM. 

At the expense of tho usual artificial discontinuity introduced by classi- 

fication, the overall study, of vhich this paper represents the fli-st part, may 

be divided into four partst 

1. Fornulatlve 

2. Conputational 

3. Analytic 

U. Eeononis 

It is clear, to begin with, that quantitative studies require quantitative 

nodels, which Inplies, inexorably, a matbenatical mcjel of the physical systeai 

we are analyzing. Of great inportance is a systematic study of the types of 

ma thematic si system» which arise frcra the study of flow processes o As a start 

on this general proprram, we shall discuss here two specific processes, one 

arising in cargo-handling, a "shuttle" process, and the other arising in 

industrial production. Although the processes bear some structural similarity, 

the basic connection is by way of similarity of mathematical treatment. In 

subsequent reports, we shall extend this treatment to the discussion of other 

flow processes. 

In the classtfleatioa of processes, two nrlnoipel types may be distlnquiahed 

iramediately, those of deterministic type and those of stochastic type. A 



process will be called dsterralnlfitlc if the oatcotne oT any particular decision 

or action Involved In the process is conpletely dotermlned by the choice of 

the decision or action. If, however, a choice of decision or action determines 

a distribution of cutcomec, the process will be said to be stochastic. Which 

process sore adequaoaly represents real, and which Is an approximation, is a 

matter of individual ta£to and philosophy, usually pragmatic. 

We shall employ a mat1 omatical technique, the method of recurrence 

relations, which we shall demonstrate to be equally useful for the treatment of 

both deterministic and stochastic processes. For deterministic processes, the 

recurrence relations permit a simple computation of various significant 

quantities associated with the process, such as delay times at various stages, 

either by hand or by ra-chino. Occasionally they yield explicit analytic 

expressions for these quantities.  If the process is stochastic, the recurrence 

relations allow as to calculate the distribution of these quantities by various 

sampling techniques.  The explicit relations we obtain enable us to replace 

simulation methods fay Honte Carlo inethods, thereby Increasing the effectiveness 

of caaputing raacainee with limited capacities. Furthermore, the analytic 

expressions focus the spotlight of our attention upon the combinations of 

paramotei's which are most Meaningful. 

Finally we should like to point out that the recurrence technique is 

applied in identical fashion to both deterministic and stochastie versions, 

in its initial pnase. 

In this report we shall confine ourrelves to an application of this 

technique to two mathematical models, the "link-node" model of cargo-handling, 

discussed in (1), (2), and the assembly line model discussed in (3), (U), 

(5), (6).  Our object to derive the beeic recurrence relations Hhicii may be 

used to describe the proccs?. 



In subsequent reports, wc shall use thesa r-^'Utions to study the computa- 

tional and analytic aspects of the  processes. These two parts of the study, 

combined with the contents of this papar, constitute the ci'tsoriptive part of 

our program, wherein we are concerned with the question of determining the 

behavior of a particular system. Once we have answered this question, to some 

degree of satisfaction, we are then ready to operate on the next level of the 

hierarchy of problems, that of yevising optimal systeas, or that of improving 

existing systems. 

Using the results obtained from the f rrst three parts of the Etudyy this 

problem trill be discussed undor the heading "econaTäcs1' in the concluding 

report« 

We would like to thank Y. Fukuda and M. Pollack, associated with the 

Departosnt of Engineering of VCLk,  for their careful reading of this paper, 

and for their many helpful corrections and comments. 
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I.. THRE3--STAGJS SHUTTLE PRWiiSS 

1«  roraalatlop 

Let us begin with a deucription of a three-stann shattle process. There 

«re four fixed positions. A, B, C, and D, vioh individuals X, Y, and Z otationad 

at A, B, and C respectively. The function of X is to carry an item froa A to 

B and deliver it to T there. X cannot return to A until Y has accepted the item 

at B. Opon receiving the item frcnn X, Y conveys it to G where it is delivered 

to C. T cannot return to B until Z has acceptöd the item. As soon as Z receives 

the Item, he conveys it to D, end returns to C iEffisdiataly. 

Given a set of items, S, ulth associated transport times for the various 

stages, we wish to determine the time required to convoy the items from A to D, 

and the total delays incurred at B and C. 

We shall obtain expressions for these quantiticjr; which can be utilized for 

a discussion of both detemdnlstie and stochaitic orocesses, 

A B C D 

Figure 1, 

Define the following ouantities describing the sat SJ 

(1) Xfc ■ the time required fe;r X to convey the k-Ü£ item from A to B 

jj* ■ the time required for X to return fron B to A after having 

delivered the k^ item to Y, 

yk - the time required for Y to convey the k*" item fron B to C 

y^ ■ the time required for Y to return to B from C after having 

delivered the Ir^1 itam to Z. 



«.  - the time required for Z  to convey the tc-^ ite» free C to D, 

>£ ■ the time required for Z to rsturn to C from D. 

IT tbe process is deterministic, w» ass^ims that ths eequencea (a^.), (*£)» 

(Tir), (Jil)» («v)» (8k) **■• ioiown. If the process is stochsstio, we asstuae t4«t 

these ere sequence» of random -rariables Kith knovn distributions, Forthemnre, 

we assume that these are independent random variables, vhich means no "fatigue". 

or •hereditajy effects.« 

Let us farther definei 

(2) djjd) • the delay to X incurred waiting for T at B, when de- 

livering the fc« item, 

(1^(1) * the delay to Y incurred waiting to receive the fc*" 

fresa X at B, 

^ fcCO " ■**8 delay tc T Incurred «aiting for Z at C, when delivering 

the k*£ item, 
A th 
^j-CZ) • the delay to Z incurred waiting to receive the k— item 

fro« T at C. 

It is clear froo the description of the process that: 

(3) (^(DdfcCY) - 0, 

^kCx^k0f) - 0, 

since one factor most always be sero, 

Ccasider the following graph j 

at.       ^(X)  x,    x«    d9(X)  Xp      x X, i Zk f-Il 1 i 4„_£ )_£ ^ 1__3 j  

Figure 2„ 

This is a pictorial description of the activities of X, giving tne tiraee 

required by X for each activity. The integers k = 1,2,3, ..., signal the time» 

at which X pick» up the k-^ item at A. 



Sindlarly vs haT« th© gi-aoh: 

t-    -i—^ h-^ h 

Figure 3. 

This describee the actitritiea of Y. The integsra, k ^ 1, 2, .„>, signal th« 

times at which T pick» up the kr* iten at B, 

Flaally we have the graph > 

 i- 1 Jt 1 = 1 1 5 1 c ^- 
I i I        ' I 

Flg\ure h. 

where the integers signal the times at which Z picks up the hr*1* item at C. 

Finally, let us now define the additional quantitiesj 

(U) rk ■ the time that X arrives at B, carrying the k3^ item, 

Sjj ■ the time that T aiTlves «t B, readj to receive the k—^ item, 

t  - the time that T arrives at C, carrying the kHi item, 

Ujj • the time that Z arrivea at C, ready to rccelre the lfr=S item. 

2.  Basic Recurrence Relatiooe 

Referring to the above tine scales, we have the following relations connect» 

ing the arrival tLraee for the (k+l)55 itei' with the arrival times for the k^a. 

^> 'k+i - rk + V1^ * »i + xk*i ' 
8k>l - »k ♦ VT> * 3ri * ^k ^k<T)' 

Let us now express the delays, d^CX), d^d), A (y),ZX (Z), In terns of 

these times of arrival. We havet 

(3) <yx) - Max (8k »i^ , 0), 

dk(J)    " Max (rjj - sk> 0), 

8 



A kCT)    -   Max (^ - tjj , 0), 

A k(Z)    -    Hsot (1^ - o^,    0).: 

3.      k Slapl» ObeervatiCTi 

A r«ault trtilch greatly oimpl.lfiea our subsequent results is the foUowlas} 

(1)    6^(1) - e^CT)    -   M&x (s^ - rk,  0) - Mut (rk - rsk, 0) 

w5.th th« eorrespoodlng result for ^^(T) -/—i
k(Z), 

(2)Ak(T)' Ak(z)    -   '^ - V 

it.      ftcpliclt Heeurreqee Relatiooa 

Let us BOW eoablne the results of the preceding tvo sectiona so as to 

obtain slarolo recurrence ralationo cocnectlng Z\   (7) with  A.   ,(T), and dj^CT) 

with djj.iCT). 

CoBbinlng (2,2) sad (?.?), we hare: 

- («k^-y^ -yk+1) -ök+1(Y)- 

Hence, refanring to (2.3), 

Siellarly, 

(3)    «k+i - rk+1 - »jg- Pfc ♦ d^jCT) - dka) * (rk 
+ y^ - (^ * 3^^)  ) 

♦Ak(Y) 

- (yk * yi - (^ * x^j)   )   *Ak(Y) 

Hence, 

(1*)   <WY)   "   Max ^Vl " "W 0) 

-  «« Q-A^T) - (yk ♦ y; - »i - vi>' 0I 
CoBblninK (?) and (it), we havt.j 

(5) ^ k+1(Y) - Max |o<k - Max ( .. /^(r) ♦ ^ k, o) , 0), 



«her« v hon  set for simplicity of notation, 

(6) o< k - «k + z^ - y; - y^ 

W» can olÄplliy (5) slightly, 

(7)Z^k+1(T) - Max ( c7Ck + Ak(T) »MM (Ak(T)^^k), 0), 

which can also be written 

(8) Ak+1(Y) - Max ( A k(T), -^ k, ^ ♦ A kfr) ) - M8x( A^T),-^). 

This is the fundanontal recurrance rslation, a basis for either a Moots Carlo 

treataeat, or an analytic discussion. 

Referring to (it), 

(9) dk+1(Y) - MoxQ. Max (»^ ♦ ^ - y^ - yk - ^(Y), 0 ) 

- (yk * y^ - «i - Vi
) » 3 

This can be written 

(10) Vi(Y)   ' "^ Q-^k-i - »i-i ♦ ^k-i + ^Ci) - xi ♦ < ♦ Vi)'0' 
-Vi - »i-i + ^-i ^k * V1!! 
- «"  ["«k.! ' BiLi * 7Ll + ^k + d

k
(Y>» ^j 

or, referring to (6), 

(11)    ^CY)    - H»   Q-CTC^J VT> -/^k? 0'  -^k-l * V^j 
•• Max 

or 

(12)    ^jW    - Max  j_- ^ k,   o( k-1 - «^(Y), o] - Max R^^Cl),  o] 
This is also a fundamental recurrence relation. 

10 
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IX. THE GENERAL N-STAGE SHUTTLE PROCESS 

1,   FOCTBlllttlOBi 

Althoogh the mbora cctr Lion was satisfactory in describing a three-stage 

process, If «e wish to describe a general N-stage process, we must employ a 

better notation. Consequently, es shall begin all over again, introducing a 

new notation. 

P2 
P
H-1    

pn 
-I 1 

0     Xl      h Vl    XH 
Figure 1. 

An ite« arriTing froo 0 is picked op at P- by X, she eauvmyu  it to P- 

and «ait« until „ picks it up. A. then returns to P, to await the next item, 

nie process is repeated all down the line, until P. } «hers IC, transports the 

iten to T, the tenainal. 

Let 

(1)   x. (i) "    the tia© required by X.   to convey the i*"~ item fron 

P,   to P. -»-i after haricg recei-red it fron X,   _. 
k li x k-1 

x. (i) -    the tiae required by Ik to return to P.   frooi P 
k*l 

after having eomreysd the i-*" item to Xk+-, 

and let <is define the delays 

(2) d. (i) ■ tha dülay encountered by \ asaiting the ±~ Item 

atPk 

ZA^(i) <= the delay encountered by X^ waiting to dell rar the 

it«e at Pw-t 

for k - 1, ?, ...,1» 

th 

' 



FlfcAlly, WS require the times of arrival, 

(3)    SjjCi)    *-'    tho tlaa of arrival of X   et P    , raady- to recaivs tlie 

i^ It«, 

8. (i)    ■    tfce tita© of arrival of x^ at P^i , ready to deliver 

the -ii- item, 

2, Conneetion Between Dalay Times and Arrivil Tinioa 

We have the foUowing ralatlcsia connecting tho a">ove quantities 

(1) ^(i)    -   Kax (s^jCl) -' rk(i) , 0), k - 1, 2, ... 

Ak(i)    -    Sax (r^i) - 8k(i)  , 0), ,o(i) « o 

from these, we conclude that 

(2) cyi)- AkÄl(i)..kMl(i)-rk(i) 

3. Baaie R&cur-.^nca Rglatioae 

Let us now -rrite down the equations c nnectlag r, (i+1) and 8^,(1+1) 

with r (1), 8k(i), and the delays. 

We have 

(1) rk(ii-l) - rk(i) ♦ d^Cl) ♦ ^(i) + ^(i) * Ak(i), 

ekCi*l) - 8k(i) * A k(i) * xk(i) + dk(i+l) * xkCH-l)- 

Thue 

(2) rk(i+l) - •k.1(l*l) -Ak(i) - ^(i+1) 

^(i) > x^(i) « ^(i) - ^(1*1). 

Reoce 

where 

(3 )A k.1<
i*1 > " Ma:r  Ak(i) " dk-l(i+1) + ^ lc(i ^ 0 

(U)<Xk(i) - xk(l) ♦ ^(i) - x^i) - -Vl(3>1)" 

12 
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SliBllarly,   since 

(5)    »^(D - rk(i) - d^i) -Ak(i.i) 
+ ViCi-D - ^-id) - xk(i.l) - x^l-l). 

w» !»▼» 

where 

(6) dk(l) - Max    ^ k(i) * d^i) - A k(i-l),  0~j   , 

(7) /Sk(l) - ^(i-1) ♦ Vl(i) - xji.l) - ^(1-1). 

13 
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IH.     GMEKAL SHUTTLE PROCESS 

1, Storage 

L«t us BO* mention in passing a ntanber of modifications of the above procesa 

which it may be desljfable to introduce. 

The first of these involves storage. Instead of assuming that 1^  is required 

to hand each item over to X1+1 at Pi+1 before returning to his position at F±  , 

let us assume that there are storage facilities at P   allowing a number of items 

up to kj^, to be stored there until X^^ can transport them. This is a very im- 

portant modification since much of the delay can be avoided with suitable storage 

eapaciiy, 

2. Multiple Shuttles 

The process treated in the preceding aaction considorcd only one conveyor 

going back and forth between each position. A more general situation involves 

*^ shuttles traversing the distance between P. and P.   . Schematically 

3.      Mnlti 

In aem» situations,   the sarae shuttle must make a number of stops before 

returning to its original position.    Schematierlly 

. ^i     fi+l,! 
The shuttle, Z±  , stops at P,,+1 x a«* Pj^ 2 , in this order, before returning 

to Pj . 

U 
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IV      WO      STAGE ASSEMBLY Lim 

1..       Fornml*tAoK 

Let as new tvirn to the coa3:Ldorat3.on of a flow proceaa of a diffsrent tjpe. 

We shall discuss a slnpl® »athetaatleal racuial of a ti» - stage asesnibly line.    Aa 

will be mmmt tram tbe description,  the model is equally useful in the eooaldera- 

tico) of & number of other waiting-line process , 

Let. us eupoos«  Wmt ws have two iaaclrlnes, H-j  «md Ho  j  perfornrf-fig different 

functioD«,  &xui a uumboi-' of iteses, H. whioh require pi'ocessing on these ntachinea^ 

th 
(1)    at,   "    the tin» required by the i~'"" Item at)  the first machine, 

ill 
y   w    *-,h® t.- is required by the i—" Item on The second machine, 

end assume that each item raust pass  thru the first raaohine before going thm 

the second machine 

The process is carried through in th© following way.    The first item Is 

fed into M-,   requiring a time s ,   ..   and  then sent to M^  ,   requlrlnfr a  tijoa y. 

on this machine.    As soon as the first itaa hap boon processed by H    ,   the 

second itera is fed In.    As soon as the second item has passed  bhsnx this first. 

stage,  it is sent to if,.    Hero th«re raay or may not be a delay, depending upci 

ahether M» baa completed the processing of the first item or not-     Tho process 

continues in this way. 

Scheinatically 
M, *i 

CLLLCI CJ JZZI  ^     ^ 

"fne pi'oblern is  to dawtrraine  the total delay Incurred in the proceseing of 

th.*" N items,  in the deterministic case,  and the distribution of the delay klmes 

if th« procasa is stoobasti« . 

iS 

i 



2.-      Raearrwac» RsXation« 

Define the follcraring quantities 

fch (1)    d   •    the delay inearred by the k-"' it^n waiting xxpon the seeootd! 

imehlne, 

th 
r    ■•    the ÜJBJ® of arrival of tha k""~ lt«an at the «aitiag line for 

k 
the second macMjae. 

The basic recurrence relations are 

(Jslüg (?), Rü interesting explicit forraula for dj. can be derived      We 'nave 

(3)    d,    -    0, 

d      •    Msut i   Kas{y-   •  x„  ,  0} -  y.   - x„   ,   öl 

-   Max fyj   - y2 - «2  - a^,    y^ -   -t^   ,, 0 

whence it follows induct-iveiy that 
I   N-l N I     ~ 

(u )     d.     "    Max   | Max j    v— -     ~- «      ;       o 

The result- is« due to S-  Jotmaon,    (U) 

3        Optimal AiTangenisnt 

In the deterministic case,  an interesting problem is that of determining 

the order in which the itears ahoulrt be fed  Into   fche mschines HO as   to isiniraize 

the total  time r«auired by  the Drocess„     This problem was resolves! by S.   JoJmson^ 

(It),  using  the exoliclt expression given  in  {2.U).   and by fche authory (3),  uaing 

the functional equation technique of dynamic programming.     In this latter paper, 

continuous versions of the process are also dlacusaed 

Although the: two-stage process can be  treated m s  number of ways,   the three 

stage process,   ana gea«ral N-staK«  process,   so  far  have resolutely defied either 

en  analytic or computational approach 

U 



V       fmSE      STAGS  PR0C5SS 

2.      Foyalatlaa 

1,-et us now conaider a corresponding three - stage procass. 

Lftt 
th 

(1)    x.,  "'    ih« tjjne repaired by the 1    ' Its« on M. 

y,   "    the time required by the I-— lt«sa on M.,  , 

th »,   •    the tliae T€,r<nlT®ö by the l""- itea on M^  , 

S^hersaticaily , K. 

Items ^ L'Sj  ' ^q 

Further,  lot 
ta 

d,¥     •    the dslsy Incunc'ad by   the 1""' ttea waitiog on the secood raechine, 

Z:^    •    the delay Incurred by  ths l-^S lt«H! waiting on the  third, machine, 

tfc T-      «    the time of arrival of the 1-"- item at the waiting line for the 

second machinfe 

ih a.,     ■*    the time of arrlTa ä  of  the i-™ it«s) at the waiting idne for th** 

third mac hin« 

These last two times are tines of arri-ral.    The tin»B at which the items 

are processed are  the arrival   times plus  the delay times, 

?        Recurrence Retlatiopa 

The basic re<:nrrenc« relations are 
k 

(i)   r t 
k 

■*■ 

^X'-' 
■xt rk  *  %   ■ h   > 

d, m* MaX    ^   rk    "   (rk   *  dkl  ^k-i5'   Ü 

■ k 
- M&X       - ^^   *  '\ 2   -- '^k. i  •*  Vl^ 0    ! 

f 



»I 

The«« nay b«  simpiirieil to 

«-1 "» ■ 0J 

Partherftora, an explicit exprassion corrssponding to (^ U) can be obtained, 

18 
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71.     N   ■ STAGE PROCESS 

POTiuiilaJWLm 

ks b&for«, H» Btust Introduce s new notation to treat th® N 

We suppose  that there «re N machines,  M.,   , HÄ  ,, 

Hl 
n.j n 

UUZLILE 
Iteac« 

—^Sft—-v u' *-■■$*-■ 

stage procesa. 

Let 

(1) 3^(k) - the time required by the V^* ±tm  on M ,, k« 1 ?,„.--,», 

1 -. 1,2,,, * 

tb til d^(k)  " t-be delay Incurred by the l-™ itara waiting on the k"5** 

;hlne 

th   , 
r (k)    «• the time of arrl-ral of the i — item at the waiting line 

for the kiü roachine., 

Recurrence Relaticsis 

The basic  recurrence  relation« arm 

(1)    (a)    r (k)  * r, (k'-i)  * dj(k-l)+ t (k-1) X 1 X x 

(b)    d^ik)  -Max  i^.iCk) + ^^(k) * x^W " r±ik)   , 0] 

i P 
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FIT.     ASSHmr  LINK AND SHUTTLE  PROCESS 

1.      Discu«»ioa 

A auraber of flow processes ec»blne features of both bb© aseembly line ■odeX 

«ad the «hattl« i«edel      Cosasider e sitnatiOTi where there ere a number of f>inachi0«sn
t 

1«   » MJJ ,  .--o, Rj ,  placed in  fchie order,  and a number of items which mtst pass 

thru these machines or stages      Seh  aatlcallyy 

H. 1 
M9 Mt 

tv^n 
—s^ -^-.^—M__^ 4 ^ 

R      ^ R,       F,      ,ÄJ  P. ?! t^^ P 
12 2 3 

The item is received at P^ arsd placed on the waiting line for the raachin« it , 

After having gone  thirst the mach±.aey   it is i)laced on a waiting line for conveyance 

from pv   to P.   „ The process continues in thia way, 
k k«-l 

We shall poatpona any preside formulation of more general processes of this 

type until a later tijBes   alnee our numerical and analytic; pilot, studies will 

»enter about the aiiaple/' modeis discussed in the foregoing pages 

.-. . 
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